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Abstract Despite their long history and astrophysical importance, some of
the key properties of neutron stars are still uncertain. The extreme conditions
encountered in their interiors, involving matter of uncertain composition at
extreme density and isospin asymmetry, uniquely determine the stars’ macro-
scopic properties within General Relativity. Astrophysical constraints on those
macroscopic properties, such as neutron star masses and radii, have long been
used to understand the microscopic properties of the matter that forms them.
In this article we discuss another astrophysically observable macroscopic prop-
erty of neutron stars that can be used to study their interiors: their tidal de-
formation. Neutron stars, much like any other extended object with structure,
are tidally deformed when under the influence of an external tidal field. In the
context of coalescences of neutron stars observed through their gravitational
wave emission, this deformation, quantified through a parameter termed the
tidal deformability, can be measured. We discuss the role of the tidal deforma-
bility in observations of coalescing neutron stars with gravitational waves and
how it can be used to probe the internal structure of Nature’s most compact
matter objects. Perhaps inevitably, a large portion of the discussion will be
dictated by GW170817, the most informative confirmed detection of a binary
neutron star coalescence with gravitational waves as of the time of writing.
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1 Introduction
Neutron stars are fascinating astrophysical objects almost as much as they
are complicated. Their interiors host matter in some of the most extreme con-
ditions imaginable, with densities and neutron-proton asymmetry exceeding
those typically encountered in the nuclei of atoms. The unique combination
of supranuclear densities and low temperatures, unattainable anywhere else in
the Universe, makes neutron stars coveted and unique laboratories for testing
extreme matter. The properties of neutron star interiors, usually expressed in
terms of a relation between the interior pressure p, the energy density ε, and
the temperature T is the subject of research for nuclear physicists, astrophysi-
cists, gravitational wave physicists, and data analysts alike [1–8].
This relation, p(ε, T ), commonly referred to as the equation of state of neu-
tron stars, involves their microscopic properties and uniquely determines their
macroscopic properties, such as the maximum neutron star mass possible, and
the stars’ sizes and tidal properties [9]. Over the years, a large number of mod-
els for the equation of state have been calculated and proposed by the nuclear
physics community. Models differ by the neutron star composition they entail,
the nucleon interaction properties, as well as the methodologies involved to
tackle the corresponding many-body Schroedinger equation. Perhaps unsur-
prisingly, the outcome is a wide range of possible astrophysical properties for
neutron stars, culminating in, for example, an almost 50% variation on their
predicted size [2], see also Fig. 1. This sizeable variation introduces non negli-
gible uncertainties in numerous astrophysical and relativistic phenomena that
involve neutron stars, such as supernova, neutron star coalescences, gamma
ray bursts, the production of heavy elements, and tests of strong-field General
Relativity, to name but a few.
The large interdisciplinary interest in the microscopic and macroscopic
properties of neutron stars has led to considerable effort to constrain them
observationally and experimentally. This involves lower limits on the maxi-
mum neutron star mass obtained by the detection of heavy pulsars in radio
surveys [10–12]; constraints on radii using electromagnetic emission from the
surface of neutron stars in binaries or in isolation [2, 6, 8, 13, 14]; as well as
information from terrestrial experiments [15–18]. These constraints, together
with their varying levels of statistical and systematic uncertainties, have been
extensively compared to each other and used to paint an emerging picture
about the properties of neutron stars, see e.g. [1].
The subject of this article is the latest addition to the astrophysical con-
straints that can be used as probes of neutron star properties, namely its tidal
response. When a neutron star is placed in a perturbing tidal gravitational field
its shape will be distorted, expressed through an induced quadrupole moment.
Compact binaries that are detectable with gravitational waves provide a natu-
ral stage for this interaction: the neutron star binary component is subject to
the gravitational field generated by its companion compact star. The induced
quadrupole moment of the neutron star will, in turn, affect the binding energy
of the system and increase the rate of emission of gravitational waves [19–21].
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The result is a binary system that emits more energy and evolves faster to-
wards the inevitable collision and merger [22,23]. Overall, the tidal properties
of the neutron star have a direct imprint on the emitted gravitational wave
signal. Detection of the latter can be used to constrain the former, a prospect
that has received considerable attention over the last few decades [24–26].
This prospect was first realized approximately three years ago, on August
17, 2017, with the detection of gravitational waves from a neutron star binary
by the second-generation ground-based detectors LIGO [27] and Virgo [28],
an event known as GW170817 [29]. The binary source of GW170817 consisted
of two neutron stars with masses around 1.35M that merged approximately
40Mpc from Earth, resulting in the loudest confirmed gravitational wave sig-
nal detected to date, as well as the only confirmed detection to unambiguously
containing at least one neutron star as of the time of writing [30]. The tran-
sient signal spent approximately two minutes in the sensitive frequency band
of the detectors, increasing in frequency from ∼ 23Hz until its merger and
accumulating ∼ 4200 phase cycles [31].
A second signal likely emitted during a neutron star binary coalescence,
known as GW190425, was later detected but it is much weaker than GW170817
as it originated from a much greater distance [32]. The masses of the binary
components were estimated to be 1.4 − 1.9M (1.1 − 2.5M) when assum-
ing small (arbitrary) spins, making this binary not only more massive that
GW170817, but also more massive than all known double neutron star sys-
tems in the Galaxy [33]. The individual component masses are consistent with
known neutron star masses [34], however the presence of neutron stars in
the binary cannot be established beyond doubt. If indeed the outcome of a
neutron star binary coalescence, though, GW190425 confirms that massive
neutron stars form binaries and merge, somewhat in tension with galactic
observations.
After the inevitable merger of the two neutron stars in a binary such as
GW170817 or GW190425, a final remnant object is formed. The gravitational
wave signal from the remnant of GW170817 seems to have unfortunately been
lost in the detector noise [35–37]. Nonetheless, a potential future detection
of such a post-merger signal [38] will offer yet another macroscopic probe of
neutron star physics, e.g. [25, 39]. Measurement of the frequency modes of a
potential neutron star remnant can be used as a source of information that is
complementary to the pre-merger constraints on the tidal deformability [40–45]
or offer hints of a strong phase transition in the equation of state [46,47].
Besides being the loudest gravitational wave signal at the time of its ob-
servation, the source of GW170817 was also observed with electromagnetic
radiation across the spectrum, from gamma rays to radio e.g. [48–52], con-
firming the link between neutron star coalescences, gamma ray bursts, and
heavy element production. Combined gravitational and electromagnetic data
have been extensively used since the detection to not only probe the structure
of neutron stars -the subject of the rest of this article-, but also to measure
the Hubble constant [53, 54] and to probe the properties of strong-field grav-
ity [48, 55]. To date, no confirmed detection of counterpart electromagnetic
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radiation has been reported for GW190425, potentially owing to its higher
mass and larger distance [32,56–58].
Any post-2017 discussion of the tidal deformation of neutron stars and its
implications for equation of state constraints will unavoidably be dominated by
GW170817 and its implications. The detection of GW170817 brought together
many different physics communities and served as the catalyst for considerable
progress in the field in the intervening years. Novel techniques and insights
were combined with past experience and results to conceive analyses that were
applied to the GW170817 and GW190425 data, and that will undoubtedly be
again invoked on future detections of binary systems involving neutron stars.
In this review, we will discuss the general properties of the tidal deformability
and of tidally-affected gravitational waves from a binary of neutron stars.
We will then turn to GW170817 -and GW190425 to a lesser extent given its
weakness- which will serve as a “shining example” for how a measurement of
the tidal deformability from neutron star coalescences can be used as a probe
of neutron star physics.
For the rest of the article we restrict to geometrized units where G = c = 1.
2 The tidal deformation of a compact object
Any extended body that is placed in a spatially inhomogeneous external field
will experience different forces throughout its extent. The result is a tidal
interaction, the theory of which is well-understood for Newtonian celestial
bodies, see [59] for a modern presentation. In this section we introduce the tidal
deformability parameter of a neutron star and briefly discuss the corresponding
properties of other compact objects such as black holes and exotic compact
objects known as black hole mimickers.
2.1 The neutron star tidal deformability
The tidal deformability of a neutron star is a single parameter λ that quanti-
fies how easily the star is deformed when subject to an external tidal field. In
general, a larger tidal deformability signals a larger, less compact star that is
easily deformable. On the opposite side, a star with a smaller tidal deforma-
bility parameter is smaller, more compact, and it is more difficult to deform.
Mathematically, for both Newtonian and relativistic stars the tidal deforma-
bility is defined as the ratio of the induced quadrupole Qij to the perturbing
tidal field Eij that causes the perturbation
λ ≡ −QijEij
. (1)
The above equation and dimensionality arguments suggest that λ is a sen-
sitive function of the radius of the neutron star. In the Newtonian limit the
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perturbing tidal field Eij is defined as the second spatial derivative of the ex-
ternal field, resulting in units of inverse length squared [59]. The quadrupole
moment has units of length cubed. Overall, we expect λ ∼ κR5, where κ is
a dimensionless constant and R is the radius of the neutron star, which sets
the length scale of the system. Keeping up with traditional conventions, we
express the tidal deformability as
λ =
2
3
k2R
5, (2)
where k2 is the gravitational Love number with typical values around 0.2−0.3
for different equations of state. The internal structure of the neutron star
is imprinted on the tidal deformability λ through both the Love number k2
and the radius of the star R. In that sense the tidal deformability contains
additional information compared to pure radius measurements and can be
thought of as a complementary probe of neutron star structure.
A related quantity that is commonly also used is the dimensionless tidal
deformability defined as
Λ ≡ λ
m5
=
2
3
k2
R5
m5
=
2
3
k2C
−5, (3)
where m is the mass of the star, and C ≡ m/R is its compactness. In the
following, we will use the terms “tidal deformability” and “dimensionless tidal
deformability” interchangeably.
2.2 Computing the tidal deformability
Ignoring the star’s rotation, a single unperturbed neutron star will be static
and spherically symmetric. By Birkhoff’s theorem, the exterior spacetime will
be given by the Schwarzschild metric. If placed under the influence of an
external tidal field, however, the star will be deformed and the spacetime will
be affected accordingly. In the local asymptotic rest frame of the star and in
mass-centered Cartesian coordinates the time-time component of the metric
can be expressed as [60]
1− gtt
2
= −m
r
− 3Qij
2r3
(
ninj − 1
3
δij
)
+O(r−3)
+
1
2
Eijxixj +O(r3), (4)
for large distances to the star r, and where xi are the coordinates and ni =
xi/r. In the first line of the equation, the first term corresponds to the usual
monopolar field of a star with mass m, the second term corresponds to the
quadrupolar term in a field expansion which in this case originates by the
body’s response to the tidal field, and O(r−3) terms are related to potential
higher order multiple moments. In the second line, the first term is the exter-
nal tidal contribution and O(r3) terms are caused by potential higher order
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external tidal fields. The perturbed metric in Eq. 4 effectively defines both
the tidal field and the resulting quadrupole moment, see [61] for a detailed
discussion.
Given a proposed equation of state, the above metric ansatz, and the def-
inition of Eq. (1), the tidal deformability of a neutron star of a certain mass
can be obtained by computing the metric in the asymptotic regime using the
Einstein equations, extracting the corresponding r order terms, and taking
their ratio. The ensuing calculation is described in detail in [23], in which Hin-
derer obtains an expression for λ (or equivalently k2) by imposing continuity
of the metric and its derivatives across the surface of the neutron star and
expanding the metric solution asymptotically [62]. The result is an expression
for the gravitational Love number k2 in terms of the value of a metric function
and its derivative on the star’s surface
k2 = k2(C, y), (5)
where y is a quantity that depends on the value of a metric function and its
derivative on R, and C is the compactness of the star. Hinderer also finds that
a fully relativistic computation of k2 such as the above results in differences
around 10− 20% compared to the Newtonian results [23].
Figure 1 shows the neutron star mass as a function of the radius and the
dimensional tidal deformability as a function of the mass for various equa-
tion of state models of varying stiffness. For reference, we also show the
mass estimates for the two likely most massive radio pulsars with precise
mass measurements [11, 12], as well as mass estimates for GW170817 [31]
and GW190425 [32]. The two curves on the bottom panel (arbitrary height)
correspond to the mass distribution of galactic neutron stars observed elec-
tromagnetically. The green curve is a fit to double neutron star systems [2],
while the orange bimodal one also includes neutron stars in X-ray and white
dwarf-neutron binaries [34,63].
The bottom panel of Fig. 1 shows that the dimensionless tidal deformability
Λ is a steep, monotonically decreasing function of the mass, covering many
orders of magnitude. Indeed, less massive neutron stars are less compact, and
hence more easily deformable, quantified through a larger Λ value than more
massive stars. Dashed lines are proportional to m−5 and m−6, suggesting
that Λ’s dependence on the neutron star mass is closer to being inversely
proportional to the sixth rather than the fifth power. The additional factor
of m compared to the expectation from Eq. 3 comes from the fact that the
tidal Love number k2 is also approximately inversely proportional to the mass
in the relevant mass range [64]. For a given equation of state, Λ varies from
O(104) for 1M stars, to O(10) for the most massive neutron stars possible.
Additionally, at a fixed neutron star mass different equation of state models
predict values for Λ spanning about one order of magnitude. This dramatic
dependence of Λ on both the neutron star mass and the equation of state is
what makes it a promising probe of the neutron star internal structure, as
discussed in Sec. 3.1.
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Fig. 1 Neutron star mass m as a function of radius R (top panel) and dimensionless tidal
deformability Λ as a function of mass m (bottom panel) for a wide variety of equation of
state models. Dashed lines show the ∼ m−5 and ∼ m−6 trend. The grey shaded bands
show the 1-σ mass measurement for J0348+0432 [11] and J0740+6620 [12] which serve
as lower limits on the maximum neutron star mass possible. The pink and green shaded
regions are the 1-σ constraint on the binary component masses from GW170817 [31] and
GW190425 [32] respectively, obtained assuming that the dimensionless spins of the neutron
stars are below 0.05. Solid vertical lines of the same color denote the “equal mass” limit,
i.e. the masses of the two binary components if assumed equal and given the binary chirp
mass. For each signal, one binary component mass is larger and one is smaller than the
value denoted by the vertical line. The green curve is a fit to the masses of galactic double
neutron star systems [2], while the orange line is the bimodal fit to the masses of galactic
neutron stars [34,63], expressed through the marginalized population distribution from [65].
The height of the green and orange fit distributions is arbitrary.
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2.3 Beyond the tidal deformability
The tidal deformability λ and its associated Love number k2 are the most
commonly considered tidal parameters in the context of binary neutron star
systems. They are, however, only the first in a series of tidal parameters of
different types and orders that arise from the study of generic tidal pertur-
bations. The precise, gauge-invariant formalism of tidal Love numbers in full
General Relativity and for arbitrarily strong gravitational fields was developed
in parallel in [66,67].
Both studies considered the electric-type and magnetic-type Love numbers
as well as higher multiple moment orders beyond the quadrupole. The electric-
type Love numbers arise from the response of a star to the external electric
tidal field. In Newtonian gravity the electric tidal field is defined through par-
tial spatial derivatives of the external gravitational potential. Higher order
derivatives of the external field correspond to higher multiple order electric
tidal fields, which are in turn connected to higher induced multiple moments
of the star through higher multiple order Love numbers. For example, k2 is
the quadrupole Love number which relates the induced quadrupole moment
to the external quadrupole tidal field Qij ∼ k2R5Eij , obtained after two dif-
ferentiations of the external field. By analogy, k3 is the octupole Love number
and it relates the induced octupole moment to the external octupole tidal field
Qijk ∼ k3R7Eijk, which is now obtained after three differentiations of the ex-
ternal field. Higher order terms and multiple moments can be defined similarly.
The magnetic-type Love numbers arise from the response of a star to the exter-
nal magnetic tidal field, which corresponds to odd-parity sector perturbations.
The magnetic-type Love numbers have no Newtonian analogue.
Besides higher order corrections, the tidal deformability λ also ignores the
dynamical response of the tidal field [68] and the effect of the star’s rotation.
The former should be subdominant to the adiabatic effect quantified by λ for
neutron star coalescences as the internal neutron star deformation timescale
is faster than the orbital motion. For the latter, additional “rotational” Love
numbers have been introduced to express the coupling between the external
tidal field and the star’s spin angular momentum [69–73]. The influence of
the rotational Love numbers on the gravitational wave signal emitted during
a neutron star coalescence will depend on the spin of the neutron stars, which
might be small if the known galactic binary systems are any indication [33].
Current analyses of gravitational wave signals from neutron star binaries
focus on the leading-order electric tidal deformability λ. With improving de-
tectors, though, it might be possible to measure higher-order effects. Refer-
ence [74] showed that the magnetic tidal Love numbers could be within reach
of next generation detectors [75–77]. The spin-tidal couplings, on the other
hand, only become relevant for relatively highly-spinning neutron stars with
a dimensionless spin magnitude greater than ∼ 0.1 [74] (a dimensionless spin
of ∼ 0.4 corresponds to a rotational period of ∼ 1ms). For typical binary
neutron star systems observed by second-generation ground-based detectors
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in the next few years, the influence of higher-order tidal corrections beyond λ
is expected to be negligible.
2.4 The tidal deformability of a black hole
Besides the precise formalism of tidal deformabilities for relativistic neutron
stars, Refs. [66,67] also address the issue of the tidal properties of nonrotating
black holes. Both studies state that even though the black hole horizon can
be deformed away from spherical symmetry, the tidal deformability of a non
rotating black hole λBH is identically zero. Binnington and Poisson [67] argue
that this is the correct and self-consistent interpretation of their results, as
λBH = 0 is the only condition that can lead to a unified treatment of neutron
stars and black holes. Their formalism involves expressing the Schwarzschild
metric of an unperturbed nonrotating body in geometrically-meaningful light-
cone coordinates, in which the advance-time coordinate is constant along past
light cones that converge towards r = 0. This metric applies to both neutron
stars and black holes whose exterior spacetime is identical when static and
spherically symmetric, resulting in a unified treatment of unperturbed compact
objects.
Once the spacetime is perturbed along the lines of Eq. (4) and [60], the
only choice that can maintain the notion of a unified treatment is for the
tidal deformability of back holes to be zero. Indeed the resulting perturbed
spacetime metric diverges for r = 2m, i.e. on the event horizon of a nonrotating
black hole, unless the tidal deformability of the object vanishes identically. This
concern is of course moot for neutron stars, whose surface is always outside
2m, making their exterior spacetimes regular everywhere even for non zero
tidal deformabilities. A zero tidal deformability for black holes then results in
a perturbed spacetime that is regular in the relevant exterior region and can
describe both black holes and neutron stars.
Gralla challenged this reasoning by arguing that a unified treatment of
perturbed black holes and neutron stars is not a unique choice [78]. He instead
proposed that the relevant physical quantity that is unambiguously defined
and accessible to gravitational wave measurements is the difference between
the tidal deformabilities of neutron stars and black holes, i.e. λNS − λBH. As
briefly discussed in the next section, and in detail in [79], this difference is also
in practice what we estimate with gravitational wave measurements. The wave-
form models with which we analyze neutron star binaries are tidally-enhanced
versions of existing black hole binary models that have been calibrated against
numerical relativity simulations. Therefore both the black hole and neutron
star tidal deformability is accounted for and what we measure is the difference
between the two effects.
However, the distinction between the tidal deformability of a neutron star
and its difference to that of a black hole might be more important when com-
paring measurements to theoretical expectations. For a given equation of state
model, Eq. (5) can be used to compute the corresponding expected Love num-
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ber which can in turn be compared to the measured tidal deformability from
gravitational wave data. Any ambiguity in the interpretation and comparison
between the measured quantity and the one estimated through perturbation
theory with Eq. (5) could result in a systematic error. Gralla estimates that
the size of the ambiguity is less than 10 in the dimensionless tidal deforma-
bility [78], which is beyond the reach of current detectors but could become
important in the future, if indeed present.
Concluding this discussion, it is interesting to note that the tidal deforma-
bility can be used as a probe of non standard physics. For example, “black
hole mimickers” -exotic compact objects that are similar to black holes- might
have non negligible, or even negative, tidal deformabilities [80]. If the tidal de-
formability of black holes is indeed vanishing (or if it is very small), studying
tidal effects in mergers of black holes could put constraints on horizon-level
spacetime corrections [81]. The tidal deformability can therefore also be used
to test the nature of the coalescing compact objects [82–86], or other physics
such as dark matter and extra dimensions [87–90].
3 Measuring the tidal deformability with neutron star coalescences
Neutron star binaries are a natural stage for tidal interactions between the
binary components. In the early stages of the coalescence, the two stars are
slowly inspiraling towards each other, emitting energy in gravitational waves.
In this early inspiral stage the two stars are sufficiently far apart that tidal
interactions are negligible and the emitted signal is indistinguishable from
that of two inpiraling black holes of the same masses and spins. Eventually,
energy loss will drive the neutron stars close enough that tidal interactions
will become important. As described in the previous section, each neutron
star will be subject to the gravitational tidal field produced by its companion.
As a result, its shape will be adiabatically deformed: the time scale associated
with this deformation is faster than the orbital motion that modulates the
external tidal field, so the tidal bulge in each star faces the companion.
The induced tidal quadrupole moment on the two binary components will
affect the subsequent evolution of the system. Gravitational wave emission is
sourced, to leading order, by a time-varying quadrupole moment [19–21]. For a
binary, the leading-order contribution in the quadrupole moment corresponds
to the binary orbiting motion. For neutron star binaries, however, the induced
tidal quadrupole moment on the shape of each star results in a subleading
contribution that has a direct imprint on the gravitational wave signal. In
this section, we quantify this contribution and describe how it can be used to
constrain the tidal properties of neutron stars.
3.1 The gravitational wave phase
Tidal effects are expected to impact both the amplitude and the phase of the
emitted signal, however the latter is typically better measured for harmonic
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functions such as waves. Indeed, the GW170817 signal accumulated ∼ 4200
gravitational wave cycles between 23Hz and merger [31], while its amplitude
increased by a factor of only about 10. During the inspiral phase of the coa-
lescence, the (time derivative of the) binary orbital frequency can be obtained
from the binding energy of the system and the rate of energy emission through
dF
dt
=
dE
dt
dF
dE
, (6)
where dE/dt is the rate of energy emission due to gravitational waves and
dF/dE is the derivative of the frequency with respect to the binding energy;
if can be obtained through Kepler’s law.
Both the energy loss and the binding energy are typically expressed as a
post-Newtonian expansion [21], a series expansion in small binary velocity u
compared to the speed of light. A term proportional to u2N relative to the
leading order term is referred to as an NPN contribution. In this framework,
the leading-order quadrupole moment (i.e. a Newtonian quadrupole) scales as
∼ r2 where r is the separation between the two bodies. The tidal correction
to the quadrupole scales as ∼ 1/r3, suggesting that the tidal part is a relative
∼ 1/r5 ∼ u10 -also known as 5PN- correction compared to the leading New-
tonian term. The above shows why tidal effects are negligible when the stars’
separation is large, but become more important as the binary approaches the
later stages of its coalescence where velocities increase.
The ensuing calculation results in the following expression of the gravita-
tional wave phase in the frequency domain for quasicircular inspirals [21,22]
Ψ(f) = 2πftc + φc −
π
4
+
3
128ηu5
{
1 + f(η)u2 + (4β − 16π)u3 + [g(η) + σ]u4 + ...
−39
2
Λ̃u10 + ...
}
. (7)
In the above equation f is the gravitational wave frequency, tc is the time of
coalescence, φc is the phase of coalescence, η ≡ m1m2/M2 is the reduced mass,
u ≡ (πMf)1/3, M = m1 + m2 is the total mass of the binary, and m1 > m2
are the component masses. The mass dependence of the leading order term
can be expressed as ηM5 = (Mη3/5)5, leading to the definition of the chirp
mass M ≡ Mη3/5, the best measured mass parameter. The functions f(η)
and g(η) can be found, for example, in [21], while the terms β and σ represent
spin-orbit and spin-spin contributions to the phase respectively and are also
available in [21].
In the third line the term proportional to u10 is the leading-order tidal
correction, originally computed in [22] and commonly expressed through the
parameter [91]
Λ̃ ≡ 16
3
(m1 + 12m2)m
4
1Λ1 + (m2 + 12m1)m
4
2Λ2
(m1 +m2)5
, (8)
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where Λ1 ≡ λ1/m51 and Λ2 ≡ λ2/m52 are the dimensionless tidal deformabilities
of each binary component. The main matter effect in the gravitational wave
signal is, therefore, expressed through the tidal deformability of each binary
component. Indeed, numerical simulations of merging neutron stars suggest
that changes in the equation of state that are not reflected in direct changes
in the tidal deformability are difficult to measure through inspiral gravitational
wave signals [92]. If one of the binary components is a black hole, then the
corresponding dimensionless tidal deformability should be set to zero.
Despite the relative high post-Newtonian order of the tidal correction, the
term is measurable due to the fact that the dimensionless tidal deformability
parameters Λ1, Λ2 are large for realistic equation of state models, as shown in
the bottom panel of Fig. 1. Schematically they are given by Λ ∼ k2C−5; the
tidal Love number is O(0.1), but the fifth power of the compactness results in
typical values of Λ ∼ O(100) for realistic equations of state and neutron stars
around 1.4M [93]. For Λ̃ = 400 (a value consistent with GW170817 [31] and
nuclear equation of state models) the prefactor of the tidal term is 7800 times
larger than the leading order Newtonian term. The combination of the large
prefactor and the high order of the tidal term suggests that tidal interactions
are a small but potentially not negligible effect [93]. Interestingly, for some
particularly stiff equations of state that result in neutron stars with radii ∼
15km, ignoring the tidal term in the gravitational wave phase when searching
for these signals could even decrease detection efficiency [94].
The impact of tidal interactions on the waveform evolution is shown in
Fig. 2 where we plot the plus polarization of the gravitational wave in the time
(top) and frequency (bottom) domain. We use the IMRPhenomD NRTidalv2 [95,
96] waveform model and focus on the late stages of the coalescence of two
equal-mass, nonspinning neutron stars with m = 1.4M for different values
of Λ̃. At early times/low frequencies tidal interactions are weak and the three
waveforms are similar. As the two neutron stars approach each other, tidal
interactions become stronger, with larger values of Λ̃ leading to enhanced
energy emission and a faster overall system evolution. This dephasing between
the three waveforms is the dominant matter imprint on inspiral gravitational
signals.
The expression for the phase in Eq. (7) does not include a number of
subdominant terms, some which have been calculated while others are still
unknown. Corrections to the tidal term -which would first enter at 6PN,
for a relative u12 contribution- have been computed in [97, 98], though their
contribution is expected to be small, making them very difficult to measure
with current detectors [99]. Additional terms not included in the expression of
Eq. (7) include the already-mentioned higher-order multiple corrections, mag-
netic Love numbers [66, 67], rotational Love numbers [69–73], terms related
to the dynamical response to the tidal field [68], and terms beyond the linear
field approximation. The above also ignores any magnetic field contribution
in the binary dynamics, a reasonable assumption unless the magnetic field is
extremely large, B ∼ 1017G [100–102].
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Fig. 2 Scaled gravitational wave signal from the late inspiral of two equal-mass, non spin-
ning neutron stars for different values of Λ̃ using the IMRPhenomD NRTidalv2 [95,96] waveform
model. We plot the plus polarization in the time domain in the top panel, and the real part
of the plus polarization in the bottom panel. Since we employ an analytic model, waveforms
have been terminated at the peak of the time domain waveform amplitude, sometimes used
to approximately signify the merger.
Besides tidal interactions in the binary, the equation of state also affects
the quadrupole-monopole, or self-spin, term which is a 2PN phase correction.
This effect is caused by the fact that the shape of the neutron star is deformed
under its own spin, resulting in a spin-induced quadrupole moment. The de-
gree of deformation depends on the equation of state of the star; the leading
order effect and its first correction have been computed in [103, 104]. Despite
being formally a lower order term, the self-spin contribution to the gravita-
tional wave phase is smaller than the tidal deformability contribution, and can
be neglected unless the neutron star is rotating significantly [105]. The spin-
induced quadrupole (and the resulting self-spin term) can be approximately
calculated given the tidal deformability of the star in a way that is approxi-
mately agnostic about the underlying equation of state, through the Love-Q
relation [106,107]. Waveform models can, therefore, include the self-spin term
directly without the need of additional binary parameters [108,109].
Finally, it is worth remembering that Eq. (7) does not include a number
of point-particle terms that are represented by the ellipses. Those terms are of
lower or the same post-Newtonian order as the tidal terms of interest here and
they have fully been computed up to the term proportional to u7 [21]. Though
smaller in magnitude than the tidal terms, their absence could lead to biases
when measuring the tidal effects from a gravitational wave signal [91, 110].
However, as already mentioned most waveform models in use are constructed
from a baseline binary black hole model on top of which tidal effects have been
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added. The binary black hole baseline models are typically compared against
numerical relativity simulations which are used to calibrate free parameters.
This calibration results in some of the missing non-tidal terms being implicitly
accounted for, even if their exact form is not fully known.
3.2 Tidal constraints and inference on the equation of state
Understanding of the imprint of tidal interactions on gravitational wave sig-
nals has facilitated the development of analyses for measuring tidal parame-
ters and interpreting them in the context of neutron star equations of state, as
well as studying the prospects of constraining tidal effects with gravitational
waves. The general picture suggests that gravitational waves can be used to
measure the radii of neutron stars with kilometer-order precision. This preci-
sion is comparable to constraints from electromagnetic observations, but the
measurement is subject to entirely independent systematic uncertainties. The
detection of GW170817 allowed for the direct application of these methods
towards a measurement of Λ̃ . 700 and R . 13km at the 90% level. Before
delving into the lessons learned from GW170817 in the next section, we begin
by describing the various challenges faced and how they might be overcome1.
3.2.1 Measurement accuracy for tidal parameters
The computation of the tidal phase correction given in Eq. (7) [22] gave the
opportunity to study how well the tidal parameters can be measured with
gravitational waves. Initial estimates based on the Fisher matrix approxima-
tion [111] and tidally-enhanced post-Newtonian signals of the form of Eq. (7)
were promising [22, 93] as also later confirmed with effective-one-body wave-
forms [98]. These studies suggested that, even though tidal effects appear at
a very high post-Newtonian order, they can be measured well-enough to dif-
ferentiate between the predictions of different equations of state, as the latter
can vary by orders of magnitude, see Fig. 1. The Fisher matrix approximates
the likelihood function for the gravitational wave data with an expansion up
to quadratic order around the parameters of the observed system, which is
valid in the high signal-to-noise ratio regime, but can result to inaccurate re-
sults for weak signals or subtle effects such as tidal interactions [111]. Despite
that, studies that considered the full likelihood through Monte-Carlo-based
sampling methods confirmed that Λ̃ can be measured to within ∼ 600 at the
2-σ level for signals with a signal-to-noise ratio of 30, which is comparable to
what later achieved with GW170817 [99].
Going beyond the leading-order analytic phase computed in the post-
Newtonian framework, numerical simulations of merging neutron stars [25] are
1 The goal of this section is not to provide a historically or chronologically faithful account
of progress in the field. The goal, rather, is to provide the logical steps -at least according
to the author- that can lead from Eq. 8 for the Λ̃ definition to Fig. 7 for the equation of
state constraints after GW170817 and GW190425.
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able to examine signals closer to merger, however this comes at the expense
of restricting to the limited number of simulations available. Numerical simu-
lations of the late stages of a neutron star coalescence produced with different
equations of state have been used to show that the signal is distinguishable
from point-particle signals and future detections could help determining the
neutron star radius to an accuracy of ∼ 1km [112]. These results have been
confirmed with more simulations from different numerical relativity codes and
equations of state [92] and when using longer hybrid waveforms which are
obtained by stitching together numerical relativity simulations and effective-
one-body waveforms for coalescing binary neutron stars [113].
3.2.2 Measuring the tidal deformability and radius of a neutron star
The functional form of the leading order tidal effect, Λ̃ in Eq. 8, implies that
gravitational wave signals primarily offer information about a combination
of the stars’ masses and tidal deformabilities. The neutron star masses can
be independently constrained from the lower orders in the post-Newtonian
expansion of the waveform phase, with the binary chirp mass being measured
to much higher accuracy than the mass ratio. However, higher order tidal
terms that could in principle allow for an independent measurement of Λ1 and
Λ2 are not expected to be constrained with current sensitivity detectors [99].
The issue of using Λ̃ and the masses alone to estimate the stars’ tidal de-
formabilities and, in turn, the equation of state can be tackled with two broad
strategies. The first involves imposing constraints between the two tidal de-
formabilities and the neutron star radii that are approximately insensitive to
the underlying equation of state. The second relies on making use of some phe-
nomenological representation of the equation of state itself and will be more
extensively discussed in Secs. 3.2.3 and 3.3. Both approaches rely on the inher-
ent assumption that the coalescing bodies are indeed neutron stars, and their
equation of state resembles existing nuclear models. Instead the assumption
of the neutron star-black hole coalescence trivially solves the problem as then
ΛBH = 0. This topic will be discussed in Sec. 3.2.7.
The dependence of the dimensionless tidal deformability of a neutron star
on its mass, Fig. 1 bottom panel, is qualitatively similar among a wide range
of hadronic equation of state models for m . 1.8M. Nuclear models that
experience phase transitions towards strange degrees of freedom in the relevant
mass range require separate treatment. But for purely hadronic models, the
general picture suggests that Λ is a monotonically decreasing function of the
mass with a slope around ∼ m−5, as implied from its functional form in Eq. 3,
or ∼ m−6 as obtained after taking into account dependence of the Love number
on the mass as well [64]. In other words, the tidal parameters of two neutron
stars of certain masses are not completely independent of each other, and Λ̃
must reflect that.
Figure 3 shows the chirp mass M as a function of the chirp radius R ≡
2MΛ̃1/5 [99] (top) and Λ̃ as a function of the chirp mass M (bottom) for
different hadronic equations of state (different colors). For each equation of
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state binaries with different mass ratios are represented with dots, while lines
correspond to the equal mass limit. Both Λ̃ and the related quantity R primar-
ily depend on the typically well-measured binary chirp mass, while the mass
ratio dependence is subdominant. This simplification was proposed in [99] as a
way to interpret a future Λ̃ measurement and distinguish between equation of
state models. It was later applied on GW170817 by [114] which also provided
an analytic justification for this behavior in the Newtonian limit, as well as a
calculation of the leading-order correction in Λ̃ due to the mass ratio.
Ways to express the above generic qualitative behavior of hadronic equa-
tions of state include (i) a Taylor expansion of the tidal deformability around
a fiducial mass [115], (ii) an approximately equation of state insensitive [116]
relation between the symmetric and antisymmetric tidal deformability com-
binations for a given binary mass ratio [117–119], and (iii) an approximately
equation of state insensitive relation of the form Λ ∼ m−6 [64, 120]. Dif-
ferent relations and approaches have been shown to result in broadly con-
sistent results at least to within the current statistical errors for tidal pa-
rameters [32, 64, 121–123], see also Sec. 4 for a more detailed discussion on
GW170817 and GW190425. Employing one of the above relations naturally
reduces the statistical measurement uncertainty for Λ1 − Λ2 by a factor of
2− 10 [118], though at the expense of a prior assumption that the coalescing
bodies are neutron stars and the equation of state is hadronic [64,119].
Finally, translating bounds on the tidal parameters to bounds on the neu-
tron star radius is also feasible with similar equation of state insensitive re-
lations. The top panel of Fig. 1 shows the mass-radius relation for different
equations of state, suggesting that in the 1− 1.8M range, neutron star radii
are approximately constant to within ∼ 500m. This statement again is valid
only for equations of state without a phase transition in the relevant range, and
is related to the requirement that the equation of state must be stiff enough at
high densities in order to be able to support the observed ∼ 2M pulsars [64].
Relevant equation of state insensitive relations include the direct assumption
of a constant radius [64, 120], a relation between the neutron star tidal de-
formability and its compactness C(Λ) [124], and a “quasi-Newtonian” relation
between R and Λ [114]; again relations yield broadly consistent results when
applied to existing measurements [32].
3.2.3 Combining information from multiple signals
The population of neutron star coalescences that will be observed with grav-
itational waves in the coming years will be characterized by an astrophysical
mass distribution which is currently unknown. The tidal effects experienced
by each binary will strongly depend on the component masses, which will vary
from binary to binary, and the equation of state, which is expected to be the
same throughout the Universe. Combining tidal information from multiple sig-
nals in order to obtain stronger constraints on the equation of state, therefore
requires either identifying approximately common parameters or hierarchically
working with the common equation of state directly.
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The approximate equation of state insensitive phenomenology of hadronic
equations of state enabled Ref. [115] to follow the first approach by approx-
imating the (dimensionfull) tidal deformability through a Taylor expansion
around a fiducial mass as λ(m) = λ1.4 + λ
′
1.4(m− 1.4). Each detected binary,
then, provides a constraint on λ1.4, the tidal deformability of a m = 1.4M
neutron star, while the slope parameter λ′1.4 is not constrained by the data.
By simulating an astrophysical population of binary neutron star coalescences
observed by LIGO and Virgo at design sensitivity and analyzing them with
Monte Carlo techniques to draw samples from the posterior distribution of the
binary parameters [125], Ref. [115] showed that a few tens of detections can
lead to a ∼ 10% measurement of λ1.4 and can be used to distinguish between
soft, moderate, and stiff equations of state, as also confirmed in [126]. This
result is unaffected by the inclusion of further relevant physical effects such
as neutron star spins, the self-spin interaction term, higher-order tidal effects,
and different waveform termination conditions [108].
The use of phenomenological macroscopic relations to combine information
from signals raises the issue of systematic errors as the number of detections
increases and might be restricted to hadronic equations of state. One way to
mitigate the above is to instead combine information at the level of the mi-
croscopic equation of state (i.e. the pressure as a function of the density, as
coalescing neutron stars are expected to be cold and temperature effects will
be negligible), which is expected to be common among all neutron stars. This
approach is known as “hierarchical” since the problem is divided in different
levels. At a low level we have the event-specific constraints on relevant parame-
ters, such as the masses and tidal parameters of GW170817. At a higher level,
each event-specific constraint informs the common equation of state where
different signals (or even different messengers, such as electromagnetic radii
constraints) can be combined. See Sec. 3.4 for a short introduction to hierarchi-
cal inference. Along the lines of this approach and guided by the desire to both
translate macroscopic constraints to microscopic inference, and to combine dif-
ferent types of macroscopic constraints, a number of generic representations of
the equation of state have been proposed, see Sec. 3.3 for a discussion on such
models and parameterizations. The result of the analysis and their applicabil-
ity will inevitably depend on the equation of state representation employed.
A common equation of state representation is the one in terms of piece-
wise polytropes. Using a 4-parameter piecewise model [127] and a hierarchical
framework, Lackey and Wade [128] demonstrated that the detection of multiple
neutron star coalescences can not only be used to measure the tidal deforma-
bility of neutron stars, but also the miscroscopic equation of state itself. One
year of observations with realistic binary neutron star detection rates would
suffice to measure the neutron star radius to ±1km, also confirmed in [129,130].
The loudest signals observed (signal to noise ratio above ∼ 20) seem to pro-
vide almost all relevant constraints, something familiar to multiple-parameter
inference [131]. The arbitrary polytrope slopes of the piecewise model, sug-
gest that it is well suited for equations of state with strong phase transitions,
however it suffers from an increase in statistical error near the joining densi-
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ties of the piecewise polytropes [128]. Instead, a spectral parametrization of
the equation of state [132–136] leads to comparable results, but without the
unwanted behavior at the stitching points [137].
Any representation of the equation of state in terms of a finite num-
ber of parameters, such as the piecewise-polytropic, the spectral, or other
parametrizations discussed in Sec. 3.3, will inevitably lead to loss of general-
ity. In contrast, a “nonparametric” representation, also discussed in Sec. 3.3,
based on a Gaussian process conditioned on nuclear models can reproduce any
function, including the true equation of state [138, 139]. Using this nonpara-
metric approach and an equation of state process conditioned on different sets
of nuclear models that include hadronic, hyperonic, and hybrid hadronic-quark
models, Ref. [140] showed that in the next five years (fifth observing run of
LIGO/Virgo circa, 2025 [141]) we can obtain O(1)km constraints on neutron
star radii. Figure 4 presents these projections on a simulated true equation
of state (pink line) that is consistent with current constraints and assuming a
realistic set of simulated detected signals. The black lines enclose 90% of the
nonparametric prior, while turquoise lines correspond to an approximation of
current constraints when employing information from GW170817, mass-radius
measurement of J0030+0451 [13,14], and a lower limit on the maximum mass
based on heavy pulsars. Green and blue lines denote projected constraints
from neutron star coalescences potentially observed during the fourth and
fifth observing [141], culminating in a O(1)km radius constraint at masses
1.4− 1.8M [140].
3.2.4 Effect of the mass distribution and other population parameters
The hierarchical formalism described in Sec. 3.4 for combining tidal constraints
from various gravitational wave signals (as well as other source of information
about neutron star radii and the maximum mass) ensures that priors on the
event-level parameters (for example the tidal deformability of GW170817)
does not affect the equation of state constraints. However, besides the tidal
deformability, the inferred neutron star mass might also influence the con-
straints given the dependence of tidal effects on the mass, see Fig. 1. Since the
inferred neutron star mass depends on the assumed mass prior, a choice for
the prior that does not match the astrophysical neutron star mass distribution
could lead to biases in the equation of state. For example, Ref. [108] showed
large systematic errors in the extracted combined λ1.4 if neutron star masses
are around ∼ 1.3M, but analyses assume flat priors over a wider range.
This potential bias shows that prior assumptions about related parameters
such as the masses or spins can affect equation of state inference. In order to
avoid such a bias, one needs a self-consistent hierarchical framework that infers
the neutron star equation of state together with the mass (or spin) distribution
of the observed neutron stars in the limit of many detections [140, 142]. A
misspecified and fixed population model for the neutron star masses could
lead to biases in the equation of state extraction after O(25) gravitational
wave events [142]. While the number of observed gravitational wave signals is
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respectively. Adapted from [140].
so far safely below that number, a similar approach that simultaneously model
the equation of state and the neutron star mass distribution will eventually
become essential for X-ray-based radii measurements, or even heavy radio
pulsars [65].
3.2.5 Non gravitational wave messengers
While the main focus of this article is the tidal deformability of neutron stars
observed with gravitational wave coalescences, future equation of state con-
straints will undoubtedly include information from other messengers, which we
briefly mention here. The existence of heavy pulsars with masses ∼ 2M [10–
12] provides a lower limit on the maximum neutron star mass, which is im-
posed as a constraint on studies employing an equation of state representa-
tion [128,137,140]. Though tempting to incorporate the lower limit constraint
as a sharp cutoff on which equations of state are permissible, Ref. [143] em-
phasized the need to marginalize over their measurement uncertainty [144], as
it can be non negligible.
X-ray pulses from isolated stars observed by NICER can also be used to
provide mass and radius constraints [3, 6]. Constraints from J0030+0451 [13,
14] have already been used in combination with gravitational wave measure-
ments [13,140,145,146] to place stronger constraints on the neutron star equa-
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tion of state. Using the NICER target list [147] and current estimates for the
rate of binary neutron star detections [141], Ref. [140] find that NICER con-
straints will be complementary to gravitational waves, especially aiding in con-
straining soft equations of state. The above conclusions can be strengthened
by folding in information from nuclear experiment [143] or nuclear calcula-
tions [148]. In particular, Ref. [148] employs an equation of state parametriza-
tion that is anchored to nuclear calculations at low densities and transitions to
the speed of sound parametrization at higher densities. If the equation of state
does not exhibit strong first-order phase transitions, then this setup coupled
to observations of binary neutron coalescences and X-ray based radii measure-
ments by NICER predicts a ∼ 20% constraint on the neutron star pressure at
densities of 1− 2 times the nuclear saturation in the coming years [148].
3.2.6 Phase transitions
The possibility of a phase transition in neutron star cores towards non nu-
cleonic degrees of freedom poses additional challenges in the interpretation of
tidal deformability constraints. Above a certain high density a phase transi-
tion towards deconfined quark matter is expected, though that density might
exceed central neutron star densities, and hence astrophysical neutron stars
remain nucleonic [5]. Among existing analyses, the ones employing equation of
state insensitive relations typically assume the absense of a strong phase tran-
sition [64,119,149]. Some equation of state parametrization can accommodate
phase transitions, including strong ones, for example the piecewise polytropic
one [127]. The non parametric approach has the flexibility to use nuclear mod-
els with phase transitions as part of the training set, so the resulting synthetic
equations of state can accommodate this phenomenology [139,140]. Dedicated
parametrizations for phase transitions have also been proposed [150–152], and
will be discussed in Sec. 3.3.
Overall, a hierarchical inference approach with an appropriate representa-
tion of the equation of state can result in phase-transition-proof results. Going
beyond that, the parameter space of phase transitions can be constrained by
maximum mass [150–155], as well as tidal deformability [156] measurements.
Sufficiently loud detections could be used to identify or rule out such phase
transitions from nucleonic matter to, for example, kaons, hyperons or quark
matter [109]. Another possibility is that of the potential detection of stars in
the “third family” (besides neutron stars and white dwarfs) [157]. Such stars
can have the same mass as normal neutron stars from the hadronic family,
but differ in radius by a few kilometers. Detection of such stars could be used
to constrain the parameter space of equations of state admitting strong phase
transitions [144].
The detection of a population of coalescing binary neutron star signals can
put the observed “universality” of hadronic equations of state, Fig. 3, to the
test [123,158]. A deviation from the almost-constant-radius assumption or the
expected chirp mass-chirp radius behavior could act as a clear indication of a
transition away from a hadronic equation of state. If this transition happens
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in the density/mass regime of neutron star coalescences, the transition mass
could be estimated with ∼ 100 detections [123]. If instead, as is possible, the
transition happens at sufficiently high densities such as that neutron stars are
minimally affected, then gravitational wave observations can place limits on
the relevant parameter space of the transition onset and strength [123].
3.2.7 Neutron star-black hole coalescences
Mixed binary systems of a neutron star and a black hole have not been unam-
biguously detected yet with either gravitational or electromagnetic radiation,
however, the emitted gravitational wave signal during the late stages of such
a coalescence might still carry the signature of tidal effects [159, 160]. The
neutron star binary component will be tidally distorted by the field of the
black hole companion, if said tidal field is strong enough to deform the neu-
tron star before it plunges into its companion. Favorable conditions for tidal
disruption include a small black hole (such that it possesses a large tidal field),
with a large spin (so that the neutron star can orbit closer to the black hole
before plunging), and a less compact neutron star (such that it is more de-
formable) [159–162].
The prospects for equation of state constraints from neutron star-black
hole coalescences depends on the degree to which the neutron star is dis-
rupted. If the neutron star is not significantly distorted before plunging into
the black hole, the resulting signal will only carry minimal imprints from finite-
size effects, suggesting that it might be difficult to unambiguously establish
the nature of such a system observationally. If, on the other hand, the neu-
tron star experiences significant disruption, then the leading-order tidal effect
in the gravitational phase is again given by Eq. 8 for Λ̃, but where now the
the tidal deformability of one of the binary components -the black hole- is
zero. At the same time, the amplitude of the emitted signal carries a stronger
matter imprint than in the case of neutron star coalescences, as now a to-
tal neutron star disruption will effectively serve to prematurely terminate the
signal [159,163,164].
For systems undergoing tidal disruption, both the frequency of disrup-
tion [165] and tidal effects in the phase [166] could be used to place constraints
on the neutron star equation of state. Compared to neutron star binaries, the
gravitational wave phase evolution of mixed neutron star-black hole binaries is
less affected by tidal effects as Λ̃ is smaller due to both the typically asymmet-
ric mass ratio and λBH = 0. Figure 5 shows the dependence of Λ̃ on the type of
binary and its mass ratio. For a given equation of state, neutron star binaries
result in a larger value of Λ̃ (dashed lines) than mixed binaries of the same
mass (solid lines) as the latter have λBH = 0. For more astrophysically plau-
sible black hole masses, the asymmetric mass ratio leads to further reduction
of Λ̃ (dot-dashed and dotted lines). The most favorable systems for measuring
Λ̃ with mixed binaries are consisted of the least massive neutron stars and
black holes. Observing 20-35 disruptive systems could lead to a 25−50% mea-
surement of the neutron star tidal deformability, though the exact constraints
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depend on the mass distribution of such systems [166]. In parallel, the rich
phenomenology and possible outcomes of neutron star-black hole coalescences
result in a wide range of possible electromagnetic counterparts that can pro-
vide complementary constraints on neutron star matter [167–170]. Accurate
waveform models for such systems must also account for their possible out-
comes, and ongoing progress [171,172] is essential in order to keep systematic
errors under control [173,174].
The fact that only a single tidal parameter can be extracted from neutron
star coalescences [99] and uncertainties about the maximum possible neutron
star mass suggests that it is difficult to unambiguously distinguish between
neutron star-black hole and binary neutron star coalescences [175]. If one fur-
ther entertains the possibility of ∼ 1.35M black holes, both the gravitational
and electromagnetic signal from GW170817 are consistent with a neutron
star-black hole coalescence [176, 177] and similar for GW190425 [178, 179].
This possibility has led to increased interest in equal-mass neutron star-black
hole coalescences and their potential counterparts [180]. For such low mass
systems, though, tidal effects in the gravitational signals from dozens of de-
tections could lead to constraints on the abundance of a potential low mass
neutron star-black hole population [181]. Additionally, more massive neutron
stars experience inherently weaker tidal effects, see Fig. 1, which are harder to
measure. For systems such as GW190425 with a total mass of M ∼ 3.4M, we
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might not be able to establish the presence of tidal effects in the signal until
next-generation detectors [182]
3.3 Generic equation of state representations
Before proceeding to GW170817 and GW190425, here we briefly discuss var-
ious generic equation of state representations that are used to analyze astro-
nomical data. Despite the wide range of nuclear equation of state models of
different physical content that have been proposed throughout the years, all
models need to share some characteristics. These characteristics include causal-
ity (the speed of sound must be smaller than the speed of light throughout the
star), thermodynamic stability (the pressure must be a monotonically increas-
ing function of the energy density), and consistency with known heavy pulsars
(the equation of state must support stable neutron stars of ∼ 2M [10–12]).
Given these common characteristics and in order to systematize the study
of equations of state, a number of parametrizations have been proposed that
express the pressure as a function of the density in terms of a few tunable pa-
rameters. These parametrizations are not specific to gravitational wave anal-
yses, and they have been employed in the interpretation of X-ray data as
well [13,183,184]. The number of tunable parameters needs to be large enough
such that the parametrization can represent target (or even the true) equa-
tions of state well-enough (for an appropriate definition of “well-enough”). At
the same time, the number of parameters needs to be low enough in order for
the parametrization to be meaningfully constrained from the observations we
realistically expect to obtain. In other words, a parametrization needs to fit
nuclear models, but not overfit them.
Perhaps the simplest parametrization expresses the equation of state in
terms of a series of polytropes of the form p ∼ ρΓ where p is the pressure, ρ is
the mass density, and Γ is the adiabatic index. Read et al [127] argued that
three polytropes with fixed transition densities strike a good balance between
accuracy and parsimony. The transition densities are selected by optimizing
the fit to target equation of state models, resulting in a piecewise polytropic
parametrization. Given the nature of the polytropes, this parametrization can
reasonably reproduce equations of state with phase transitions for an appro-
priate choice of the adiabatic indices. Generalizations to the piecewise poly-
tropic parametrization include replacing the lowest density polytrope with a
series expansion of the symmetry energy around saturation density [183] and
extending to five polytropic segments [185,186].
In contrast to the above parametrizations that employ polytropes to some
extent, a “spectral parametrization” [132–136] expresses the adiabatic index
Γ of the equation of state (rather than the pressure itself) in terms of free
parameters. One advantage of the spectral parametrization is that it can au-
tomatically accommodate for stability [132] and causality [135], and result
in smooth models which present an advantage from a data analysis perspec-
tive [137]. The spectral parametrization produces more accurate fits for smooth
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equations of state than piecewise polytropes, though it has been shown to be
able to model phase transitions to some extent as well [132].
The issue of phase transitions and the physical properties of neutron star
matter have also given rise to the constant-sound-speed parametrization [150–
152], and the speed of sound parametrization [187]. The former is tailored to
phase transitions towards deconfined quark matter and can be incorporated on
top of a primarily hadronic parametrization such as the spectral one. It intro-
duces three additional parameters in order to capture the phenomenology of
first-order phase transitions: the energy density at which the transition occurs
εtrans, the strength of the transition ∆ε, and the constant speed of sound in
the quark phase. The speed-of-sound parametrization, instead, expresses the
speed of sound cs in terms of parametric functions selected in order to repro-
duce desirable phenomenology, see Fig. 1 of [187]. This ensures that the speed
of sound asymptotes to the conformal limit of c2s = 1/3 in the high density
regime, but can possibly violate it for intermediate densities.
A different approach to construct synthetic equation of state models with-
out being limited to a certain parametrized family is based on Gaussian pro-
cesses [139, 140]. Parametric equation of state representations only have sup-
port for p(ε) functions within their range, assigning zero prior probability on
any other function. The true equation of state need not adhere to any of our
parametrizations, so it can only be reproduced approximately and to within
some systematic uncertainty by them. An extension of parametrized equations
of state that instead assigns nonzero prior probability on any possible function
does not rely on a specific parametrization, but instead employs a Gaussian
process conditioned on nuclear models [138,139]. This nonparametric approach
is based on a number of hyperparameters that control the function correlations
(for example, the correlations between pressures at different densities) that are
marginalized over [139]. The result is synthetic causal and thermodynamically
stable equations of state that resemble the input nuclear models to a tunable
degree. Depending on the input models, the synthetic equations of state can
account for non-hadronic degrees of freedom or nuclear calculations [188].
As also emphasized in Sec. 3.4 on hierarchical analyses, when the infer-
ence is formulated in terms of an equation of state representation (parametric
or not), the prior distribution is specified on the equation of state directly,
rather than the macroscopic properties of the observed systems. Due to the
complicated relation between the equation of state representations and the
various quantities of interest, such as neutron star radii and maximum mass,
the resulting prior on quantities of interest might be non trivial or even ex-
hibit undesirable features, such as being overly informative in untested regions
of the parameter space. This was exemplified in [189] where prior choices in
two parametrizations (the speed of sound parametrization and the piecewise
polytropes) were unsurprisingly shown to affect the resulting inference. It is
therefore important to be cognizant of the equation of state priors used in
each analysis and how they propagate to derived quantities, especially when
comparing results from different studies.
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3.4 Hierarchical inference
As a final detour before delving into GW170817 and GW190425, here we
briefly introduce the framework of hierarchical inference for combining infor-
mation from different sources. The framework for combining information from
different source including their statistical errors and selection effects has a
long history [190–193] and has already been used successfully in the gravi-
tational wave context to measure the population properties of merging black
holes [194–197]. As the name suggests, analyses happen on different levels: at
the bottom level we have the raw gravitational wave data, which are used to
constrain the binary system properties on the next level. On the final level,
event-specific constraints from multiple signals are used to constrain some pop-
ulation property of the systems, such as the common equation of state or the
astrophysical mass distribution.
The subsequent discussion follows [140], however, similar discussion has
also been presented in [128, 142, 143]. Though we specialize to gravitational
waves, a similar approach can be employed for different types of astronomical
data, such as NICER, radio pulsars, X-ray binaries, etc., see Sec IIIb of [140].
The goal is to compute the posterior probability for an equation of state ε (con-
structed either parametrically or nonparametrically) given some gravitational
wave data d = {d1...di} for multiple relevant i detections:
p(ε|d) = p(ε)p(d|ε)
p(d)
, (9)
where p(ε|d) is the desired posterior, p(ε) is the prior on the equation of state,
p(d|ε) is the likelihood whose form depends on the type of data under con-
sideration, and p(d) the evidence. For independent observations (for exam-
ple GW170817 and GW190525), the likelihood can be factorized as p(d|ε) =∏
i p(di|ε), where the likelihood of each event given the equation of state is
p(di|ε) =
∫
dm1i dm2i
∫
Λ1i Λ2i
∫
dθ p(m1i,m2i, Λ1iΛ2i|ε, θ)
× p(di|m1i,m2i, Λ1iΛ2i)
β(θ)
, (10)
where m1i,m2i are the binary component masses, Λ1i, Λ2i are the binary com-
ponent dimensionless tidal deformabilities, and θ collectively denote popula-
tion parameters for neutron star binaries, for example the slope of the neu-
tron star mass function or the maximum neutron star spin. The posterior
for the equation of state is obtained by marginalizing over these population
parameters, but they still affect the overall inference. As already discussed,
neglecting to marginalize over the neutron star mass population parameters
and assuming they are fixed can lead to biases [142]. The term β(θ) describes
the selection effects of gravitational wave observatories, primarily the pref-
erence for more massive binaries that emit stronger signals [198]. The term
p(di|m1i,m2i, Λ1iΛ2i) is the usual likelihood for the mass and tidal parame-
ters of the observed binary.
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The term p(m1i,m2i, Λ1iΛ2i|ε, θ) links the masses and tidal parameters
of the binary to the equation of state ε. Given that the equation of state
unambiguously defines the tidal deformability of a neutron star of a given
mass, this term simplifies to
p(m1i,m2i, Λ1iΛ2i|ε, θ) = p(m1i,m2i|ε, θ)δ(Λ1i − Λ(ε,m1i))δ(Λ2i − Λ(ε,m2i)),
(11)
making the integral over Λ1i, Λ2i trivial:
p(di|ε) =
∫
dm1i dm2i
∫
dθ p(m1i,m2i|ε, θ)
p(di|m1i,m2i, Λ(ε,m1i)Λ(ε,m2i))
β(θ)
.
(12)
If we further want to restrict to a fixed population θ, an acceptable approxi-
mation for inference from . 20 sources [142], the likelihood simplifies to
p(di|ε) ∼
∫
dm1i dm2i p(m1i,m2i|ε) p(di|m1i,m2i, Λ(ε,m1i)Λ(ε,m2i)). (13)
Equations 13 and 9 can be directly used to infer the underlying equation of
state from a list of binary neutron star observations. The first term in the inte-
gral p(m1i,m2i|ε) is a prior distribution over the system masses and spells out
why the resulting inference will depend on the binaries’ population parameters.
In general, this dependence needs to be modeled and marginalized over through
Eq. 12. The second term p(di|m1i,m2i, Λ(ε,m1i)Λ(ε,m2i)) expresses the infor-
mation gained from the binary neutron star observation. In practice, analyses
of neutron star binaries compute and publicly release samples from the pos-
terior distribution of these parameters p(m1i,m2i, Λ(ε,m1i)Λ(ε,m2i)|di) [199,
200]. In order to obtain the likelihood from them, the custom prior on the
neutron star masses and tidal deformabilities that each analysis used must be
taken into account and removed.
Notably absent from the above framework and Eq. 13 is any prior on the
tidal deformabilities of the coalescing neutron stars observed. The only relevant
priors entering the above equations are the ones on the equation of state in
Eq. 9 and the dependence on the neutron star population properties (which
can and should eventually be marginalized over). This is an elegant outcome
of hierarchical inference as the event-level priors on the parameters of interest,
for example the tidal deformability of merging neutron stars or the radii of
NICER targets, do not affect the next-level constraints, namely the equation
of state.
4 The binary neutron star coalescence signals GW170817 and
GW190425
GW170817 [29] and GW190425 [32] are to date the only detected gravita-
tional wave signals consistent with the coalescence of two neutron stars. The
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∼ 2 minute-long duration of the signals in the detectors’ sensitive band im-
mediately suggests that the binary components are less massive than most
other detections [30]. Estimated masses lie in the 1 − 2M range, making
them consistent with known galactic neutron star masses [33]. Definitive proof
of the nature of the binaries with gravitational waves alone would require
the detection of tidal effects from two bodies, something challenging with
current-sensitivity detectors [99, 115, 175, 201]. The electromagnetic counter-
part to GW170817 guarantees the presence of at least one neutron star in the
system, but the possibility of a neutron star-black hole binary cannot be ruled
out [176,177]. The GW190425 source is consistent with containing one or even
two low-mass black holes.
A detector glitch in the LIGO-Livingston detector overlapped with the
GW170817 signal shortly before merger and at around 100− 200Hz [29]. The
overlap frequency is lower than the typical signal frequencies where tidal ef-
fects become important, see Fig. 2, however, it could potentially influence the
measurement of other binary parameters. Eventually, the instrument glitch
was coherently fit and subtracted from the LIGO-Livingston data, allowing us
to regain access to the underlying signal [202, 203]. A further study involving
simulated signals from neutron star binaries placed on top of other detector
glitches showed that the subtraction procedure is robust and does not bias
estimates of binary properties [204].
The chirp mass of the two binaries was measured to be 1.186+0.001−0.001M
and 1.44+0.02−0.02M for GW170817 and GW190425 respectively at the 90% level,
while both signals are consistent with equal component masses, no spin, and no
relativistic spin-precession. Estimates on the total mass of the binaries depend
on assumptions about the component spins as the two are correlated [205].
Assuming small spins χ < 0.05 inspired by galactic observations [33] results
in estimates of the total mass of 2.73+0.04−0.01M and 3.3
+0.1
−0.1M respectively,
suggesting that GW170817 is consistent with known neutron star binaries in
the Galaxy, while GW190425 is a ∼ 5σ outlier [32]. Allowing for high spins
χ < 0.89 naturally increases the measurement uncertainty in the total masses
to 2.77+0.22−0.05M and 3.4
+0.3
−0.1M respectively.
4.1 Tidal properties: generic analysis
The first step in understanding systems such as GW170817 and GW190425
involves a generic analysis that imposes no constraints on the relationship
between the tidal deformabilities of the coalescing objects Λ1 and Λ2 and as
a consequence, no restrictions on their nature. In practice, Λ1 and Λ2 are
assumed to be independent of each other, with no prior restrictions on the
relation between them, allowing the coalescing bodies to be black holes, exotic
compact objects, or in general to not follow a relation that resembles the
equations of state in Fig. 1 in any way. This analysis results in a constraint on Λ̃
-the only measured tidal parameter- of Λ̃ . 700 at the 90% for GW170817 [29,
31] and similar for GW190425 [32]. Further studies have analyzed the detector
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Fig. 6 Marginalized 1- and 2-dimensional posterior distributions for the mass ratio q, the
effective spin parameter χeff , and the tidal parameter Λ̃ for GW170817 under the high
(blue) and low (orange) spin prior. Dashed vertical lines denote 90% upper or lower limits as
applicable. Posterior samples correspond to the analysis of [31] and are available from [199].
data in this setup assuming independent tidal components and have obtained
consistent results [206–209].
Despite resulting in comparable upper limits on Λ̃, GW190425 did not
lead to novel constraints of neutron star matter due to its high mass. Figure
14 in [32] compares the GW190425 Λ̃ constraint from the data to the expected
value for a system of GW190425’s mass given the GW170817 equation of state
constraints, suggesting that the upper limit is not competitive. Despite this,
GW190425 is important for equation of state studies as it demonstrates that
heavy neutron stars form binaries and merge and can thus be detected with
gravitational waves. A signal similar to GW190425 but stronger could lead to
constraints on the high density equation of state.
Figure 6 shows the marginalized 2- and 1-dimensional posterior distribu-
tions on the mass ratio q, the effective spin parameter χeff , and the tidal pa-
rameter Λ̃ for GW170817. The effective spin parameter is a certain spin com-
bination that is conserved under spin-precession to at least 2PN order [210].
The bottom left panel shows the characteristic mass-spin correlation that de-
teriorates measurement of both, while Λ̃ is less correlated with either q or χeff .
These results are obtained with the IMRPhenomPv2 NRTidal [95] waveform
model, the only model available that includes both tidal and spin-precession
effects, and whose tidal sector has been fitted to numerical simulations [211].
Results obtained with different models that differ in their point-particle sec-
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tor, spin interactions, and tidal effects suggest that waveform systematic errors
are subdominant compared to statistical errors for GW170817 and GW190425,
and constraints are robust [30–32,208]. See [79] for a review of different wave-
form models and their relations.
4.2 Tidal properties: constrained analysis assuming a neutron star binary
Going beyond these first results, assuming that GW170817 is a neutron star
coalescence can result in more stringent constraints on its properties by elim-
inating part of the parameter space that might be consistent with the data,
but not consistent with a neutron star coalescence. In the following discussion
of such studies it is worth keeping in mind that all analyses use the same data
(modulo a recalibration between [29] and [31]), namely the gravitational wave
signal for GW1708172. Therefore any differences between the results are solely
due to the different prior each analysis employs to either link the component
tidal deformabilities or to restrict to specific equation of state models [212,213].
Figure 7 summarizes these results.
The equation of state insensitive relations between macroscopic neutron
star properties discussed in Sec. 3.2.2 can be used to obtain constraints from
GW170817 given the assumptions of these relations, namely that the binary is
consisted of two neutron stars that share the same hadronic equation of state.
The expectation that Λ(m) ∼ m−5 [115] for hadronic equations of state, see
also Fig. 1, can be used to translate the generic Λ̃ constraint into a constraint
on Λ1.4 < 800 [29] by means of a linear expansion of Λ(m)m
5 around m =
1.4M. The approximate independence of Λ̃ on the binary mass ratio given the
extremely well-measured binary chirp mass for hadronic equations of state [99],
in turn, suggests that Λ̃ < 800 [29] implies R < 13km [114].
Besides post-processing results from the generic analyses of [29, 31], equa-
tion of state insensitive relations can be imposed during stochastic sampling
from the system parameter posterior distribution. Along those lines, assum-
ing that Λ(m) ∼ m−6 [64] and the radius of neutron stars is approximately
constant in the relevant mass range leads to 8.9 < R/km < 13.2 at the 90%
level [120]. At the same time, [120] established that assuming a prior on the
component masses inspired by galactic observations has a minimal effect on
the resulting radius constraints. Instead, imposing the relation of [117, 118]
between the component dimensionless tidal deformabilities and the mass ratio
of the binary, the radius of the most massive component is R1 = 10.8
+2.0
−1.7km at
the 90% level and similar for the least massive neutron star [212]. This anal-
ysis also updated the fiducial tidal deformability estimate to Λ1.4 = 190
+390
−120.
Both the above results are valid under the assumption that GW170817 origi-
2 Studies that reanalyze the gravitational wave data directly [120, 206–209] rather than
interpret the original constraints might also have differences in the waveform and noise
model employed, the analysis bandwidth, and choice of stochastic sampler. All these should
be subdominant compared to statistical errors.
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nated from a neutron star binary and the equation of state does not exhibit a
strong phase transition in the relevant mass/density range.
In order to translate from these macroscopic constraints to constraints
on the microscopic equation of state, a specific representation of the equa-
tion of state needs to be employed, see Sec. 3.3. Analyses along those lines
still assume that both coalescing bodies are neutron stars, while the possibil-
ity of strong phase transitions depends on the parametrization. The spectral
parametrization was employed in [212] (the results were shown to be consis-
tent with piecewise polytropes as well) to reanalyze the strain data, and lead
to an estimate of the radius that also takes into account that the equation of
state must support at least 1.97M neutron stars [11]. The combined result
is R1 ∼ R2 = 11.9+1.4−1.4km at the 90% level, suggesting that the existence of
heavy pulsars narrows down neutron star radii estimates by about 1km on
the low side. The neutron star pressure at twice saturation was constrained
to 3.5+2.7−1.7 × 1034dyn/cm2, which was shown to be consistent with low density
results from terrestrial heavy-ion collision experiments [15, 18] in [214]. The
treatment of the neutron star crust [215] in the polytropic and spectral rep-
resentations affects Λ to less than 1% [216, 217], and similarly for the radius.
For GW170817 and using the spectral representation, the crust model affects
the radius to 100 − 200m [218], which is smaller than the statistical error of
2− 3km at the 90% level.
The nonparametric equation of state representation based on a Gaussian
process conditioned on a set of nuclear models [138,139], including models with
strong phase transitions, yields R1.4 = 10.95
+2.00
−1.37km. This measurement is
based on a hierarchical analysis of the mass measurements of the heavy pulsars
and both gravitational wave signals GW170817 and GW190425 [140], though
GW190425 is found to be uninformative as also shown in [32]. Figure 7 shows
the 90% credible intervals on the mass-radius and the tidal deformability-mass
planes for the analysis prior (black), an analysis of only the heavy pulsars
(cyan), an analysis of only the two gravitational wave signals (green), and
the combined constraints (purple). The analysis prior is very wide, allowing
for radii as low as 8km and as high as 15km for m = 1.4M, so it reveals
the influence of each data set. The heavy pulsars serve to rule out the soft
part of the equation of state and the lower radii while gravitational waves
-primarily GW170817- rule out stiff equations of state with large radii. Direct
model selection between nuclear models also confirms this, as stiff models are
disfavored [201].
Equation of state representations that are anchored to low- or extremely
high-density nuclear calculations can lead to even more stringent constraints,
perhaps at the expense of model-dependency and restricted applicability to
within a specific nuclear framework. On the low density side, the equation of
state is commonly represented with results from chiral effective field theory
calculations [187, 223–226] up to a certain density that is comparable to the
nuclear saturation density. On the opposite side, perturbative quantum chro-
modynamics calculations [227] describe the limiting equation of state behavior
for extremely high densities (higher than central neutron star densities). The
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Fig. 7 Mass-radius (top) and tidal deformability-mass (bottom) constraints on the equation
of state. Black, cyan, green, and purple lines and shaded regions enclose the 90% credible in-
terval of the prior, and the posterior after incorporating information from the heavy pulsars,
the gravitational wave signals, and a combination of the two respectively using the nonpara-
metric equation of state representation and hierarchical analysis from [140]. The grey shaded
bands show the 1-σ mass measurement for J0348+0432 [11] and J0740+6620 [12]. Horizontal
lines on the top panel (arbitrary ordinate) denote radius constraints obtained with different
methodologies and assumptions. Solid (dashed) lines correspond to constraints that are (are
not) applicable for equations of state with strong phase transitions. See the text for details
and discussion. Yellow lines show constraints using equation of state insensitive relations:
1 [212], 2 [120], 3 [114]. Orange lines show constraints using equation of state representa-
tions: 4 [212], 5 [140]. Green lines show constraints that incorporate chiral effective field
theory calculations: 6 [188], 7 [219] (once saturation), 8 [219] (twice saturation). Blue lines
show multimessenger constraints: 9 [220], 10 [221], 11 [222]. Pink lines show constraints that
incorporate the recent NICER results: 12 [140].
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in-between region can be described with a generic equation of state represen-
tation, see Fig. 3 of [228], while the transition density between chiral effective
field theory and the generic representation dictates the extent to which the
resulting analysis depends on the nuclear calculations.
Unsurprisingly, the higher the density to which chiral effective field the-
ory calculations are used, the more stringent the resulting constraints. Em-
ploying the speed of sound parametrization and gravitational wave data from
GW170817, while imposing a sharp cutoff on the maximum mass of 1.9M,
Ref. [219] finds that a transition density at twice compared to once the nuclear
saturation reduces the radius uncertainty by ∼ 500m on the high side. The
dependence on the choice of density up to which chiral effective field theory cal-
culations are used can be marginalized over based on the data. Using the non-
parametric equation of state representation and marginalizing over the tran-
sition density between half and twice saturation leads to R1.4 = 11.40
+1.38
−1.04km
at the 90% level when using information about the maximum neutron star
mass and gravitational waves [188]. Comparing to [140] suggests that use of
chiral effective field theory restricts the fiducial radius by about 1km on the
low side.
Further studies have used similar equation of state representations combin-
ing chiral effective field theory and generic representations, while incorporating
information from the gravitational wave data in terms of a sharp constraint
at the 90% credible upper limit of Λ̃, rather than the full four-dimensional
posterior over masses and tides. For example, Ref. [228] combined the tidal
deformability bound Λ̃ < 800 and a maximum mass constraint of 2M with
an equation of state model in terms of chiral effective theory, piecewise poly-
tropes, and perturbative quantum chromodynamics calculations at large den-
sities to conclude that R1.4 < 13.6km and Λ1.4 > 120. Similar calculations
employing both piecewise polytropes and the speed of sound parametrization
to capture potential strong phase transitions lead to 12.00 < R1.4/km < 13.45
and 8.53 < R1.4/km < 13.74 respectively [229]. Finally, Refs. [230, 231] use
the speed of sound parametrization and chiral effective field theory up to once
and twice saturation to find 8.4 < R1.4/km < 15.2 and 8.7 < R1.4/km < 12.6
respectively.
Finally, relativistic-mean-field models have been used to compare the ex-
perimentally probed properties of finite nuclei to the gravitational wave data [232–
237]. The main terrestrial constraint is the neutron skin thicknessRs of
208Pb [16,
17, 238, 239], the difference between the root-mean-square radii for neutrons
and protons in the 208Pb nucleus. Comparing relativistic mean field models
to the Λ1.4 < 800 [29] constraint from GW170817 yields R1.4 < 13.8km [232],
while the updated estimate Λ1.4 < 580 [212] yields R1.4 < 12.9km [233]. The
updated value leads to Rs . 0.20fm [233], consistent but on the low side of the
Rs = 0.33
+0.16
−0.18fm measurement from PREX [16]. A potential tightening of the
low limit on Rs by PREXII could signal a sudden softening of the equation of
state at high densities and hint towards a phase transition.
Figure 7 shows the radius constraints discussed above (and some discussed
later) with horizontal lines of arbitrary ordinate.
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4.2.1 Microscopic properties
Besides radius/tidal constraints that take into account the possibility of a
strong phase transition in the equation of state and multiple branches on the
mass-radius plane (solid lines in Fig. 7), astronomical observations can also
be used to place constraints on the relevant parameter space. In general, since
GW170817 provided an upper limit on Λ̃, any physical effect that results in a
softening of the equation of state can be consistent with the data [88,240–246]
As such, a strong first-order phase transition might make an equation of state
model compatible with the GW170817 data, even if the hadronic part on its
own is not [152, 247–250]. A number of studies have constructed models that
can successfully interpret the inspiral signal from GW170817 as the coalescence
of any combination of hadronic and hybrid hadronic-quark neutron stars and
place corresponding constraints on the relevant model parameter space [149,
247,248,251–260].
Establishing the presence of a strong phase transition without resorting to a
specific nuclear model for either the hadronic or the quark part of the equation
of state is hindered by the small number of observations available. Analyses
relying on nonparametric equation of state representations are generic enough
to account for phase transitions, but the final result is expressed in terms
of pressure-density or mass-radius curves, which requires further interpreta-
tion. One possible interpretation consists of counting the number of stable
branches an equation of state possesses on the mass-radius plane [139], where
the presence of multiple branches is sufficient (but not necessary) condition
for a strong phase transition. Data from heavy pulsars, gravitational waves,
and NICER result in a very weak preference for such multiple branches at the
level of 2 : 1 [140]. In the case of a strong phase transition, the equation of
state is consistent with a softening around saturation density, followed by a
stiffening around twice saturation, see Fig. 3 in [140].
Another indication about microscopic interactions comes from the speed of
sound cs inside neutron stars. The combination of a large maximum mass and
a soft low-density equation of state hints towards a violation of the conformal,
weakly-interacting limit of c2s < 1/3 [261, 262]. Since GW170817 is also con-
sistent with a soft low-density equation of state, it serves to strengthen this
conclusion [140,263]. However, though a violation of the conformal limit is an
indication of strongly-interacting matter, this is not equivalent to the presence
of quark cores in neutron stars [264].
Finally, astronomical observations and terrestrial experiments can be trans-
lated to microscopic constraints through the symmetry energy [265], the energy
budget for increasing asymmetry between neutrons and protons. Various stud-
ies have empirically identified correlations between various combinations of
parameters that characterize the symmetry energy and its density dependence
with the neutron star radius and tidal parameters [246,266–269] or terrestrial
experimental results [239, 270–272], as they all are linked to the low-density
behavior of the equation of state around (twice) saturation. The tidal con-
straints from GW170817, and more recently radius constraints from NICER
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have been used to examine implications for the symmetry energy [273–282] as
well as potential systematics in the mapping [283].
4.3 Multimessenger constraints
The properties of the electromagnetic counterpart to GW170817 depend on
the outcome of the coalescence, which in turn depends primarily on the bi-
nary mass (which can be measured from the inspiral signal) and the equation
of state. Any subsequent constraints about the equation of state from the
electromagnetic signal will inevitably depend on the merger and postmerger
modeling of the system, the mechanism that gives rise to the electromagnetic
emission, as well as its interpretation. Though less understood than the grav-
itational wave emission, progress has been made on the above. The result is
a lower limit on Λ̃ and the neutron star radius, which -if robust against sys-
tematic errors- is nicely complementary to the inspiral constraints from the
gravitational wave signal as those provide an upper limit on the neutron star
compactness.
Energetic arguments suggest that the remnant star formed after the merger
was initially a hypermassive neutron star which eventually collapsed into a
black hole [284], though counterarguments also exist [285–287]. A number of
studies have used this and different assumptions about the post-merger evolu-
tion of the system to suggest an upper limit on the maximum mass of stable,
nonrotating neutron stars of . 2.3M [201,284,287–292]. Using a similar inter-
pretation, a relation between the radius, the maximum neutron star mass, and
the threshold mass for prompt collapse of the merger remnant [293] suggests
R1.6 & 10.6km [220]. The arguments leading to the above constraints rely on
equations of state without strong phase transitions and the possibility of hy-
brid quark-hadron stars [294–296], however, detection of further systems can
provide stronger constraints or put the above expectations to the test [297].
The observed kilonova after GW170817 was powered by material ejected
from the merger [298], the properties of which depend on the neutron star
tidal deformability. A small value of Λ̃ corresponds to more compact stars
whose merger results in a remnant that promptly collapses to a black hole.
This prompt collapse inhibits the mass ejection that is needed in order to
power the observed kilonova. Hence, the electromagnetic counterpart in this
case provides a lower limit on the compactness of the merging neutron stars, in
line with [220]. Results from numerical simulations have been used to quantify
the above through a relation between the disk mass [221, 299] or ejecta mass
and velocity [222, 300] with Λ̃. The resulting constraint amounts to Λ̃ & 300,
though the quantitative accuracy of the fitting formulas has been the subject
of debate [221,222,296,301]. A similar lower limit on Λ̃ has also been proposed
on the bases of the observed gamma ray burst [302]. Both [221] and [222]
achieve comparable radius constraints 11.1 . R1.4/km . 13.7, also shown
in Fig. 7, where the lower (upper) limit is informed by the electromagnetic
(gravitational) signal. Followup studies using relativistic mean field theory
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models [234] and the relation between Λ̃ and radius [303] arrive at similar
conclusions. As with the maximum mass constraints above, this result is also
only valid for hadronic equations of state, as numerical simulations of merging
hybrid stars suggest that the remnant collapse behavior and mass ejection
is different [304], while magnetic fields could either stabilize or destabilize a
hybrid star [305].
4.4 Incorporating constraints from NICER and X-ray binaries
We conclude the discussion of observational constraints on the equation of state
using GW170817 with a brief discussion of results that incorporate mass-radius
measurements from accreting low mass X-ray binaries [2] and isolated neutron
stars with NICER [13,14]. On the X-ray binary front, Ref. [306] used equation
of state insensitive relations [116] to translate between radii constraints from
X-ray binaries and tidal constraints from GW170817 and arrived at Λ1.4 =
196+92−63 at the 90% level. A similar improvement in the overall constraints was
reported in [307], who use the spectral equation of state representation to
find R1 = 12.4
+0.5
−0.4km for the more massive GW170817 binary component,
and similar for the companion. The above are a considerable improvement
compared to GW170817-only results, but at the potential expense of additional
systematic errors.
Finally, the recent mass-radius constraint from J0030+0451, an isolated
pulsar, by NICER [13, 14] has led to efforts to combine constraints not only
with gravitational waves, but also nuclear data and X-ray binaries [308,309], as
well as the GW170817 counterpart [310]. The overall picture suggests that re-
sults from GW170817 and J0030+0451 are consistent with each other, though
the former (latter) hint towards slightly softer(stiffer) equations of state [13,
140, 146, 184]. Using the nonparametric equation of state representation with
data from heavy pulsars, GW170817, GW190425, and J0030+0451, Ref. [140]
finds R1.4 = 12.32
+1.09
−1.47km, also shown in Fig. 7. A similar analysis was pre-
sented in [13] by means of the spectral and piecewise polytropic represen-
tations, though without quantitative results. The piecewise polytropic and
speed-of-sound representations were instead employed in [146,184], though the
chosen priors on the equation of state were so narrow that they overwhelmed
the resulting constraints, prohibiting direct comparison with [140].
The above examples show how combining information from gravitational
waves, NICER, and potentially a future moment of inertia measurement [140,
143,311–313] can strengthen overall constraints. At the same time, it is worth
remembering that neutron stars are extreme relativistic objects with which
the full theory of general relativity can be tested. A potential disagreement
between the different messengers, beyond what can be accounted for by nu-
clear physics uncertainties could signal a breakdown of the theory. For the
case of GW170817 and J0030+0451 it has been shown that their measured
properties agree with each other when recast in terms of equation of state
insensitive relations between the compactness, the moment of inertial and the
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tidal deformability [314], placing constraints on potential deviations from gen-
eral relativity.
5 Future challenges and opportunities
The detection of GW170817 introduced the tidal properties of neutron stars as
a complementary probe of their structure to the more traditional observables
of masses and radii. Progress in the intervening years has been rapid, establish-
ing gravitational waves as a promising input for nuclear models, which are now
routinely tuned and compared to GW170817, e.g. [245, 315–322]. The contin-
ued observational campaigns and sensitivity improvements [141] as well as the
addition of new planned or proposed detectors [75–77, 323, 324] in the global
gravitational wave detector network both opens up unique opportunities and
brings novel challenges to the surface.
The main obstacle towards an anticipated O(1)km radius constraint in the
coming years [140] is that of systematic biases in the analyses, the dominant
of which is related to waveform model inaccuracies [99]. Other sources of sys-
tematic uncertainties in gravitational wave analyses are the detector calibra-
tion [325] and noise modeling [326], however the former affects the waveform
phase to within a few degrees (compare this to Fig. 2 showing how tides affect
the waveform phase by multiple cycles) and the latter mostly affects the in-
ferred amplitude of the signal. Despite the signal strength, analyses with differ-
ent waveform models [68, 95,211,327–331] suggest that waveform systematics
are subdominant to statistical errors for GW170817 [30,31,208] and similar for
GW190425 [32]. However, a potential future observation with a signal-to-noise
ratio ∼ 100 (which is comparable the case of GW170817 observed with detec-
tors that have reached their design sensitivity) would result to tidal inference
that is dominated by systematic waveform uncertainties [332,333].
At the same time, more and louder detections offer the opportunity of
going beyond a single radius measurement [140] or even a characterization
of features of the equation of state such as phase transitions [123]. Improved
detector sensitivity will allow us to measure higher order terms beyond the
` = 2 tidal deformability [74], directly observe the postmerger signal [38], and
study the properties of the neutron star crust in terms of its elastic proper-
ties [334,335], heating [336], and shattering [337]. Another effect of interest is
the potential resonant excitation of different neutron star modes driven by the
orbital motion [338,339]. In spite of its high resonance frequency, O(1000)Hz,
an f-mode excitation could be detected in the future [340–342], potentially
aided by orbital eccentricity [343] or neutron star spins [344]. A search for a
proposed nonresonant mode coupling [345–348] in GW170817 and GW190425
was inconclusive [32,349].
As a concluding remark, combining information from multiple messengers
offers the clearest pathway towards stringent equation of state constraints and
probes of neutron star structure. This allows us not only to decrease statistical
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errors, but also to assess the impact of systematics on the modeling of very
diverse astrophysical phenomena.
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185. C.A. Raithel, F. Özel, D. Psaltis, Astrophys. J. 831(1), 44 (2016). https://doi.org/10.
3847/0004-637X/831/1/44. [arXiv:1605.03591 [astro-ph.HE]]
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250. M. Ferreira, R. Câmara Pereira, C. Providência, (2020). [arXiv:2005.10543 [nucl-th]]
251. E.P. Zhou, X. Zhou, A. Li, Phys. Rev. D97(8), 083015 (2018). https://doi.org/10.
1103/PhysRevD.97.083015. [arXiv:1711.04312 [astro-ph.HE]]
252. J.E. Christian, A. Zacchi, J. Schaffner-Bielich, Phys. Rev. D 99(2), 023009 (2019).
https://doi.org/10.1103/PhysRevD.99.023009. [arXiv:1809.03333 [astro-ph.HE]]
253. C.M. Li, Y. Yan, J.J. Geng, Y.F. Huang, H.S. Zong, Phys. Rev. D98(8), 083013 (2018).
https://doi.org/10.1103/PhysRevD.98.083013. [arXiv:1808.02601 [nucl-th]]
254. D.E. Alvarez-Castillo, D.B. Blaschke, A.G. Grunfeld, V.P. Pagura, Phys. Rev. D99(6),
063010 (2019). https://doi.org/10.1103/PhysRevD.99.063010. [arXiv:1805.04105 [hep-
ph]]
255. R.O. Gomes, P. Char, S. Schramm, Astrophys. J. 877(2), 139 (2019). https://doi.org/
10.3847/1538-4357/ab1751. [arXiv:1806.04763 [nucl-th]]
256. G. Montana, L. Tolos, M. Hanauske, L. Rezzolla, Phys. Rev. D 99(10), 103009 (2019).
https://doi.org/10.1103/PhysRevD.99.103009. [arXiv:1811.10929 [astro-ph.HE]]
257. D. Sen, T.K. Jha, J. Phys. G46(1), 015202 (2019). https://doi.org/10.1088/1361-6471/
aaf0b0. [arXiv:1811.07434 [nucl-th]]
258. A. Ayriyan, D. Alvarez-Castillo, D. Blaschke, H. Grigorian, Universe 5(2), 61 (2019).
https://doi.org/10.3390/universe5020061. [arXiv:1812.10796 [astro-ph.HE]]
259. J.E. Christian, J. Schaffner-Bielich, Astrophys. J. Lett. 894(1), L8 (2020). https:
//doi.org/10.3847/2041-8213/ab8af4. [arXiv:1912.09809 [astro-ph.HE]]
260. D. Blaschke, A. Ayriyan, D. Alvarez-Castillo, H. Grigorian, (2020). [arXiv:2005.02759
[astro-ph.HE]]
48 Katerina Chatziioannou
261. P. Bedaque, A.W. Steiner, Phys. Rev. Lett. 114, 031103 (2015). https://doi.org/10.
1103/PhysRevLett.114.031103. URL https://link.aps.org/doi/10.1103/PhysRevLett.
114.031103
262. I. Tews, J. Carlson, S. Gandolfi, S. Reddy, The Astrophysical Journal 860(2), 149
(2018). https://doi.org/10.3847/1538-4357/aac267. URL https://doi.org/10.3847%
2F1538-4357%2Faac267
263. B. Reed, C. Horowitz, Phys. Rev. C 101(4), 045803 (2020). https://doi.org/10.1103/
PhysRevC.101.045803. [arXiv:1910.05463 [astro-ph.HE]]
264. E. Annala, T. Gorda, A. Kurkela, J. Nättilä, A. Vuorinen, (2019). [arXiv:1903.09121
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269. H. Güven, K. Bozkurt, E. Khan, J. Margueron, (2020). [arXiv:2001.10259 [nucl-th]]
270. A. Tamii, et al., Phys. Rev. Lett. 107, 062502 (2011). https://doi.org/10.1103/
PhysRevLett.107.062502. [arXiv:1104.5431 [nucl-ex]]
271. M.B. Tsang, Y. Zhang, P. Danielewicz, M. Famiano, Z. Li, W.G. Lynch, A.W.
Steiner, Phys. Rev. Lett. 102, 122701 (2009). https://doi.org/10.1103/PhysRevLett.
102.122701. [arXiv:0811.3107 [nucl-ex]]
272. M.B. Tsang, et al., Phys. Rev. C86, 015803 (2012). https://doi.org/10.1103/
PhysRevC.86.015803. [arXiv:1204.0466 [nucl-ex]]
273. N.B. Zhang, B.A. Li, J. Xu, Astrophys. J. 859(2), 90 (2018). https://doi.org/10.3847/
1538-4357/aac027. [arXiv:1801.06855 [nucl-th]]
274. Z. Carson, A.W. Steiner, K. Yagi, Phys. Rev. D99(4), 043010 (2019). https://doi.org/
10.1103/PhysRevD.99.043010. [arXiv:1812.08910 [gr-qc]]
275. C.Y. Tsang, M.B. Tsang, P. Danielewicz, F.J. Fattoyev, W.G. Lynch, Phys. Lett.
B796, 1 (2019). https://doi.org/10.1016/j.physletb.2019.05.055. [arXiv:1905.02601
[nucl-th]]
276. M.B. Tsang, W.G. Lynch, P. Danielewicz, C.Y. Tsang, Phys. Lett. B795, 533 (2019).
https://doi.org/10.1016/j.physletb.2019.06.059. [arXiv:1906.02180 [nucl-ex]]
277. W.J. Xie, B.A. Li, Astrophys. J. 883, 174 (2019). https://doi.org/10.3847/1538-4357/
ab3f37. [arXiv:1907.10741 [astro-ph.HE]]
278. C.A. Raithel, F. Ozel, (2019). https://doi.org/10.3847/1538-4357/ab48e6.
[arXiv:1908.00018 [astro-ph.HE]]
279. M. Ferreira, M. Fortin, T. Malik, B. Agrawal, C. Providência, Phys. Rev. D 101(4),
043021 (2020). https://doi.org/10.1103/PhysRevD.101.043021. [arXiv:1912.11131
[nucl-th]]
280. J. Zimmerman, Z. Carson, K. Schumacher, A.W. Steiner, K. Yagi, (2020).
[arXiv:2002.03210 [astro-ph.HE]]
281. Y. Zhang, M. Liu, C.J. Xia, Z. Li, S.K. Biswal, Phys. Rev. C 101(3), 034303 (2020).
https://doi.org/10.1103/PhysRevC.101.034303. [arXiv:2002.10884 [nucl-th]]
282. W.J. Xie, B.A. Li, (2020). [arXiv:2005.07216 [astro-ph.HE]]
283. Z. Carson, A.W. Steiner, K. Yagi, Phys. Rev. D100(2), 023012 (2019). https://doi.
org/10.1103/PhysRevD.100.023012. [arXiv:1906.05978 [gr-qc]]
284. B. Margalit, B.D. Metzger, Astrophys. J. 850(2), L19 (2017). https://doi.org/10.3847/
2041-8213/aa991c. [arXiv:1710.05938 [astro-ph.HE]]
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